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On the base of the Birkhoﬀ-Gustavson method the algorithm and program in MAPLE for symbol-numerical calcu-
lations of the normal form and integrals of motion for resonance and nonresonance Hamiltonian systems with any
number of degrees of freedom are developed. Examples of this program’s work for some Hamiltonian systems are
presented.
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1. INTRODUCTION
Since many dynamic systems of the classical mechan-
ics can not be presented in an analytical form (for ex-
ample, [1–3]), diﬀerent approximate analytical meth-
ods [4–8] and many direct numerical ones for the di-
rect calculations [9–11] were developed.
At present time the perspective direction is the
development of hybrid or combine methods, in which
ﬁrst the symbolic calculations are performed with the
consequent numerical computing using contemporary
mathematical packages, for example, MAPLE, RE-
DUCE, MATHEMATICA and others [12–14].
In the present paper the developed algorithm and
program for calculation of normal form and integrals
of motion are presented. Examples for some Hamil-
tonian systems with n degrees of freedom are also
given.
2. THE BIRKHOFF-GUSTAVSON
METHOD
Let us the classical system with n degrees of free-
dom is given, which Hamiltonian is presented in the
polynomial form of the expansion
H =
n∑
k=1
ωk
2
(p2k + q
2
k)+
+
∞∑
S=3
∑
l1+...+ln+
+m1+...+mn=S
Cl1,...,ln,m1,...,mn× (1)
×p l11 p l22 . . . p lnn · qm11 qm22 . . . qmnn ,
where p = (p1, p2, . . . , pn) and q = (q1, q2, . . . , qn) are
canonically conjugated variables, Cl1,...,ln,m1,...,mn
are known coeﬃcients. Frequencies ωk are resonance
or nonresonance quantities. For resonance frequen-
cies there are r-relations:∑k=n
k=1
aikωk = 0, i = 1, 2, 3 . . . , r, (2)
where quantities aik are integer numbers.
As known [15], the classical Hamilton function
H(q, p) is in the normal form if there is the relation
D G(ξ, η) = 0, (3a)
where the expression
D =
n∑
k=1
ωk
(
ηk
∂
∂ξk
− ξk ∂
∂ηk
)
(3b)
is so called the normal form of the diﬀerential opera-
tor.
As known [15], one has to solve basic equation
D(q, η)W (S)(q, η) = −H(S)(q, η) + Γ(S)(q, η), (4)
where W (S) is a homogeneous polynomial of the S
degree in generating function
F (q, η) = q · η + W (q, η), (5)
that reduces to normal form any term of initial
Hamiltonian (1) of the S degree. Terms of Hamil-
ton function with higher degree than S are calculated
according to formula
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Γ(i)(ξ, η) = H(i)(ξ, η) +
∑
|k|
1
k!
((
∂W (s)
∂ξ
)k (
∂|k|H(l)
∂ηk
)
−
(
∂W (s)
∂η
)k (
∂|k|Γ(l)
∂ξk
))
, (6)
where i = S+1, S+2, . . . and l−|k|+ |k| (S−1) = i,
1 ≤ |k| ≤ l < i, l ≥ 2, s ≥ 3, |k| = |k1|+ |k2| + . . . +
|kn|, k! = k1! · k2! · . . . · kn!.
In paper [15] it was proved that there exist (n−r)
approximated, independent integrals of motion of
type
I(ξ, η) =
n∑
i=1
μi
2
(ξ2i + η
2
i ), (7)
where μ = (μ1, μ2, . . . , μn) is a n-dimensional real
vector, there is a relation
n∑
k=1
aikμk = 0, i = 1, 2, 3, . . . , r. (8)
Performing the back transformation from (ξ, η) →
(q, p), one obtains the integrals of motion in initial
variables p = (p1, p2, . . . , pn), q = (q1, q2, . . . , qn).
3. DESCRIPTION OF ALGORITHM
Input:
n – number of degree of freedom;
SMAX – desired maximal degree of normal form and
integrals of motion; jmax – maximal degree of initial
Hamiltonian function, that quadric part is in normal
form, i.e. v[2] + v[3]+ . . . +v[j]+ . . . +v[jmax] is the
potential part of initial Hamiltonian function;
if gip = 0, then normal form is calculated in action-
angle variables;
if intg2 = 0, then integrals of motion are calculated;
if intg2 = 0 and test1 = 0, then Poisson bracket
pb = {H, intg2} should not be equal 0;
if intg2 = 0 and test2 = 0, then Htest2 has to be
equal initial Hamiltonian function.
Output:
gSMAX = g(2) + g(3) + . . . + g(SMAX) – normal
form;
wSMAX = w(3) + w(4) + . . . + w(SMAX) – the
polynomial of the generating function, where g(S)
and w(S) are homogeneous polynomials of S degree
pl11 p
l2
2 . . . p
ln
n · qm11 qm22 . . . qmnn , S = l1 + l2 + . . . +
ln + m1 + m2 + . . . + mn;
intg[i] – integrals of motion in variables
(pl11 , p
l2
2 , . . . , p
ln
n ), (q
m1
1 , q
m2
2 , . . . , q
mn
n ).
4. EXAMPLES
Let us present results for some Hamiltonian systems.
4.1. Resonant Hamiltonian system (ω1 : ω2 : ω3 = 1 : 1 : 1) with n = 3 degrees of freedom [16]:
H =
1
2
ω1
(
p21 + q
2
1
)
+
1
2
ω2
(
p22 + q
2
2
)
+
1
2
ω3
(
p23 + q
2
3
)
+ q1q23 + q2q
2
3 . (9)
Normal form with order of SMAX = 4 was obtained:
G4 = G(2) + G(3) + G(4), (10)
G(2) =
1
2
η21 +
1
2
ξ21 +
1
2
η22 +
1
2
ξ22 +
1
2
η23 +
1
2
ξ23 , (11a)
G(3) = 0, (11b)
G(4) = −η3ξ2ξ3η1 − η3ξ2ξ3η2 − η3ξ1ξ3η2 − η3ξ1ξ3η1 + 16η
2
3ξ1ξ2 +
1
6
ξ23η1η2 −
5
6
ξ23ξ1ξ2−
−5
6
η23η1η2 +
1
12
η23ξ
2
1 +
1
12
η23ξ
2
2 +
1
12
ξ23η
2
1 +
1
12
ξ23η
2
2 −
5
12
ξ23ξ
2
1 −
5
12
ξ23ξ
2
2 −
5
12
η23η
2
1−
− 5
12
η23η
2
2 −
5
12
η23ξ
2
3 −
5
24
η43 −
5
24
ξ43 , (11c)
and integral of motion:
I = p3q2q3p1 + p3q2q3p2 + p3q1q3p2 + p3q1q3p1 + q1q23 + q2q
2
3 −
1
6
p23q1q2 −
1
6
q23p1p2+
+
5
6
q23q1q2 +
5
6
p23p1p2 −
1
12
p23q
2
1 −
1
12
p23q
2
2 −
1
12
q23p
2
1 −
1
12
q23p
2
2 +
5
12
q23q
2
1 +
5
12
q23q
2
2+
+
5
12
p23p
2
1 +
5
12
p23p
2
2 +
5
12
p23q
2
3 +
1
2
p21 +
1
2
q21 +
1
2
p22 +
1
2
q22 +
1
2
p23 +
1
2
q23 +
5
24
p43 +
5
24
q43 . (12)
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4.2. Resonant Hamiltonian system (ω1 : ω2 : ω3 = 1 : 1 : 1) with n = 3 degrees of freedom:
H =
1
2
ω1
(
p21 + q
2
1
)
+
1
2
ω2
(
p22 + q
2
2
)
+
1
2
ω3
(
p23 + q
2
3
)
+ c
(
q21q
2
2 + q
2
2q
2
3 + q
2
1q
2
3
)
. (13)
Normal form with order of SMAX = 4 was obtained:
G4 = G(2) + G(3) + G(4), (14)
G(2) =
1
2
η21 +
1
2
ξ21 +
1
2
η22 +
1
2
ξ22 +
1
2
η23 +
1
2
ξ23 , (15a)
G(3) = 0, (15b)
G(4) =
1
2
cη1ξ1η3ξ3 +
1
2
cη1ξ1η2ξ2 +
1
2
cη2ξ2η3ξ3 +
3
8
cξ21ξ
2
3 +
3
8
cξ21ξ
2
2+
+
3
8
cξ22ξ
2
3 +
1
8
cξ21η
2
3 +
3
8
cη21η
2
2 +
3
8
cη22η
2
3 +
3
8
cη21η
2
3 +
1
8
cη21ξ
2
2 +
1
8
cξ21η
2
2+
+
1
8
cη22ξ
2
3 +
1
8
cξ22η
2
3 +
1
8
cη21ξ
2
3 , (15c)
and integral of motion:
I =
1
2
q21 +
1
2
p21 +
1
2
q22 +
1
2
p22 +
1
2
q23 +
1
2
p23 −
1
2
c p1q1p2q2 +
5
8
c q21q
2
2 +
5
8
c q22q
2
3+
+
5
8
c q21q
2
3 −
1
8
c q21p
2
2 −
3
8
c p21p
2
2 −
1
8
c p21q
2
2 −
1
8
c q21p
2
3 −
3
8
c p21p
2
3 −
3
8
c p22p
2
3−
−1
8
c q22p
2
3 −
1
8
c p21q
2
3 −
1
8
c p22q
2
3 −
1
2
c p1q1p3q3 − 12c p2q2p3q3. (16)
4.3. Resonant Hamiltonian system (ω1 : ω2 : ω3 : ω4 = 1 : 1 : 1 : 1) with n = 4 degrees of freedom [17]:
H = 1/2
∑k=4
k=1
ωk
(
p2k + q
2
k
)
+ 1/2
(∑k=4
k=1
q2k/ωk
)2
− (q1q3/√ω1ω3 + q2q4/√ω2ω4)2. (17)
Normal form with order of SMAX = 4 was obtained:
G4 = G(2) + G(3) + G(4), (18)
G(2) =
1
2
η21 +
1
2
ξ21 +
1
2
η22 +
1
2
ξ22 +
1
2
η23 +
1
2
ξ23 +
1
2
η24 +
1
2
ξ24 , (19a)
G(3) = 0, (19b)
G(4) =
3
4
ξ1ξ3ξ2ξ4 +
3
8
ξ21ξ
2
2 +
3
8
ξ21ξ
2
4 +
3
8
ξ22ξ
2
3 +
3
8
ξ23ξ
2
4 +
3
16
ξ41 +
3
16
ξ42 +
3
16
ξ43 +
3
16
ξ44−
−3
4
η1η3η2η4 +
1
2
η1ξ1η2ξ2 +
1
2
η1ξ1η4ξ4 +
1
2
η2ξ2η3ξ3 +
1
2
η3ξ3η4ξ4 − 14η1η3ξ2ξ4−
−1
4
η1ξ3η2ξ4 − 14η1ξ3ξ2η4 −
1
4
ξ1η3η2ξ4 − 14ξ1η3ξ2η4 −
1
4
ξ1ξ3η2η4 +
3
8
η21η
2
2 +
3
8
η21η
2
4+
+
3
8
η22η
2
3 +
3
8
η23η
2
4 +
3
8
η21ξ
2
1 +
1
8
η21ξ
2
2 +
1
8
ξ21η
2
2 +
1
8
η21ξ
2
4 +
1
8
ξ21η
2
4 +
3
8
η22ξ
2
2 +
1
8
η22ξ
2
3+
+
1
8
ξ22η
2
3 +
3
8
η23ξ
2
3 +
1
8
η23ξ
2
4 +
1
8
ξ23η
2
4 +
3
8
η24ξ
2
4 +
3
16
η41 +
3
16
η42 +
3
16
η43 +
3
16
η44 , (19c)
and integral of motion:
I = −5
4
q1q3q2q4 +
1
2
p21 +
1
2
q21 +
1
2
p22 +
1
2
q22 +
1
2
p23 +
1
2
q23 +
1
2
p24 +
1
2
q24 +
5
8
q21q
2
2+
+
5
8
q21q
2
4 +
5
8
q22q
2
3 +
5
8
q23q
2
4 +
5
16
q41 +
5
16
q42 +
5
16
q43 +
5
16
q44 +
3
4
p1p3p2p4 − 12p1q1p2q2−
−1
2
p1q1p4q4 − 12p2q2p3q3 −
1
2
p3q3p4q4 +
1
4
p1p3q2q4 +
1
4
p1q3p2q4 +
1
4
p1q3q2p4+
+
1
4
q1p3p2q4 +
1
4
q1p3q2p4 +
1
4
q1q3p2p4 − 38p
2
1p
2
2 −
3
8
p21p
2
4 −
3
8
p22p
2
3 −
3
8
p23p
2
4−
−3
8
p21q
2
1 −
1
8
p21q
2
2 −
1
8
q21p
2
2 −
1
8
p21q
2
4 −
1
8
q21p
2
4 −
3
8
p22q
2
2 −
1
8
p22q
2
3 −
1
8
q22p
2
3−
−3
8
p23q
2
3 −
1
8
p23q
2
4 −
1
8
q23p
2
4 −
3
8
p24q
2
4 −
3
16
p41 −
3
16
p42 −
3
16
p43 −
3
16
p44. (20)
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5. CONCLUSIONS
Presented program allows us to carry out on comput-
ers the cumbersome analytical calculations related to
reducing the classical Hamiltonian to the Birkhoﬀ-
Gustavson normal form and obtaining the integrals
of motion for n-dimensional Hamiltonian systems. As
input to our program it is enough to give the para-
meters of the Hamiltonian, frequency relations and
to assign the SMAX degree of the needed approxima-
tion. The program can be used in any scientiﬁc cen-
ters, where the investigations of nonlinear processes
are conducted, as well as in educational purposes for
writing yearly projects and graduating thesis by stu-
dents.
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